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A number  of  investigations on the mechan i sm of meta l l i c - type  b inary  c rys t a l  growth has 
r e c e n t l y  been pe r fo rmed  by  the method of  s ta t i s t ica l  modeling on an e lec t ron ic  computer  [1, 2]. 
The purpose  of this paper is the analyt ical  descr ip t ion  of  the kinetics of mult ieomponent  alloy 
crys ta l l iza t ion .  

Let us examine the la t t ice  model of a two-phase b inary  m e l t - c r y s t a l  sys tem.  The lat t ice s y m m e t r y  is 
assumed cubic. Atoms of  the species  a or  fl a r e  s i tuated at its s i tes  and can be liquid o r  solid. Let us l imit  
ou r se lves  to the considerat ion of in teract ion between n ea r e s t  neighbors  so that par t ic le  in teract ion in the s y s -  
t em is c h a r a c t e r i z e d  by  the binding energies  of the solid par t i c les  go ~l, goal fl , goifl/~ , the solid wi ththe  liquid 

i e s  ac~ a P a PfJ �9 �9 �9 ~ a  a [~ par t  el <Pto, golo, go~o, golo , and the hqmd  par t ic les  go oo, ~ I~, go lo, (the subscr ip t  0 denotes belonging to the 
liquid phase and 1 to the solid phase). We will desc r ibe  the configuration of the atom distr ibution in the s y s -  

l [l ' l Here  , j  = 1, i f  there is a solid par t i c le  at the j - th  si te  of the latt ice and tern by the set of p a r a m e t e r s  g ----- . �9 

~?j= O if the re  is a liquid par t ic le ;  ~j de te rmines  the species  of  par t ic le  at this  s i te  (~j =~,  fl). We rep resen t  
the Hamiltonian averaged with r e s p e c t  to the degrees  of f r e ed o m  but not associa ted with the o rd e r  u a r ame te r s  
cha rac t e r i z ing  the phase t rans i t ion  in the f o r m  H =U +K 

~ ~ ~ ~ f ] +  

+ [(i - 4,) ~ .  ~, (~ - ~j)] ( ~ 7 :  + ~ , ~ )  + [(~ ~,) ~j~,~ • 

r~ 8 ~c~ �9 + - 0,) ] - - ( + ) + ]}, 

tsj~i 

The summation he r e  is over  the neighbors c loses t  to the s i te  i ( j ( i ) ,  and ove r  all la t t ice  s i tes  i(1 _<i _<N, N is 
"the number  of par t i c les  in the system).  The t e r m  K desc r ibes  the contribution of the internal  degrees  of f r e e -  
dom, with r e s p e c t  to which the average  is taken, to the Hamiltonian. The liquid phase is assumed homogeneous 
so that among the liquid neighbors  nea r e s t  to the s i te  i, par t  is  of  the species  a ( c ~ )  and par t  of  the species  
fl (e~): 

( l : _  nj) ~ = v ( l  ~ - - ~ ) ~  ( ~  ~ ~ : i ) ,  
.~e~ ~ (1) 

(~ - ~) ~ ,  = Z (~ - ,~) ~ ( ~  + ~:~), 

where  e~ +e~ = 1. Taking account of  (1) and s imple  manipulat ions,  the express ion  for the Hamil tonianean be 
r ep r e se n t e d  to the accu racy  of a constant  tn the fo rm 

2 i,j~i 
CO~ ~G$ 

~ ~ ~ + 4 ~ 2  ~ )  * (~0~o  ~ ~ : ? ~ 2  - ~ 0  ~) + 6 ~ r  (~,~00 + c ~ 0 0  - ~?0~)], (2) 
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where  [1, 2] 

cv~ = ~ - ~ - ~.~; 

= (Pio) c!; 

0v = 0~-- 0~ (v, ~ = ~, ~). 

Hencefor th ,  the value of O v is a s sumed  independent of the t e m p e r a t u r e  and of the spec ies  of the par t ic le  
neighbor  u. 

We de te rmine  the chemica l  potentials  of the solid and liquid phase  components  in t e r m s  of the s y s t e m  
Hamil tonian 

\k 
//OH'~ \ 

Taking  account of  (3), we exp res s  the di f ference between the chemica l  potent ials  in t e r m s  of the mean change 
in ene rgy  in the p r o c e s s  of a ~ par t i c le  in one of the la t t ice  s i tes  going f r o m  one aggrega te  s ta te  into another  

Air,.= p~ - -  p~ = <H(N~, N i, N~ ~- i, N~:-i ,  T) -- tt(N~, N~, N~, N~, T)>. (4) 

F r o m  (4) and (2) we obtain 

g jEi 

where  p (g) is the probabi l i ty  of  finding the s y s t e m  in the s ta te  g and the summat ion  is over  all poss ib le  se ts  

(~h). Equation (5) se ts  up a re la t ionship  between the d i f fe rences  of the chemica l  of the p a r a m e t e r s  - . ~  potent ials  

of the liquid and solid phase  components  and the m i c r o s c o p i c  c h a r a c t e r i s t i c s  of the sys tem.  In the case  of 
growth of  s table  c rys t a l l i ne  faces  in the s t a t iona ry  mode,  Apu has the meaning  of a d i f ference  between the 
chemica l  potent ia ls  of  the volume phases .  Indeed, let us r e p r e s e n t  the potential  energy  U in the f o r m  of a sum 
of volume Urn 1 and s u r f ace  Usur f  pa r t s  such that 

1 t ~ - - ~ r ~  (~, ~ =  ~, ~), Uvol ----- ~- Z q -  ~v O0~FO0/ \i, IIWII 

where  N~'~, ~ N~0 ~ a r e  the number s  of s o l i d - s o l i d  and l iqu id - l iqu id  bonds of pa r t i c l e s  of the spec ies  v and 
in the volume phases .  In the s t a t i ona ry  growth mode,  the mean changes  in the volume and sur face  pa r t s  of  the 
ene rgy  dur ing an e l e m e n t a r y  act of  the pa r t i c les  making the t rans i t ion f r o m  one aggrega te  s ta te  to another  will 
sa t i s fy  the re la t ionsh ips  

<AUsur~> = 0, <AU> = <AUvo~). 

Consequently,  we have instead of (5) 

~ = ~ ( ~ ? ~  + c ~ 0  ~ - d ~ )  - ~ ""'~ to. , ,  - ,1?- '~, t )  v , , -  ~:ro,., 

In pa r t i cu la r ,  for  s ing le -componen t  s y s t e m s  

~ , ,  = 3 ( ~  - e l i )  - ~r0, ,  - ~ ( ~ -  ~'V)(~[~ - T) ,  (m 

which pe rmi t s  finding the en t ropy fac tor  

0v - 3 ( ~ -  ~ y )  
kTeq 

where  T~q is the equi l ibr ium t rans i t ion  t e m p e r a t u r e  for  the pure  u component.  
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We r ep re sen t  the crys ta l l iza t ion p rocess  as a set  of sequential  terminat ions of e lementary  transit ion 
events at separa te  lat t ice si tes on the sur face  of the growing face for a fixed configuration of the part icle  dis-  
tribution at the s i tes  not taking par t  in the e lementary  process  at this instant. A cut of the b inary  sys t em in 
the direct ion of growth in the neighborhood of the c r y s t a l - m e l t  interface is r ep resen ted  in Fig.  1. To simplify 
the model,  we l imited ourse lves  to a considerat ion of the state of the sys tem corresponding  to configurations 
of the interphasal  boundary without an overhang. This means that only one solid atom had a neighbor belonging 
to the fluid above it in the atomic column in the direct ion of the growth ra te  v. Such a solid a tom and the ad- 
joining liquid atom above it a re  cal led surface  atoms.  
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Fig. 4 

A liquid su r f ace  a tom of the spec ies  ~ with the f requency W~0 can become  solid,  and a solid su r face  a tom 
with f requency  W~ can go o~;er into a melt�9 Let us par t i t ion the physica l  t i m e  into in terva ls  of durat ion ~. 
The probabi l i t ies  of t rans i t ions  in the t ime  r f r o m  the phase  s ta te  Vj into ~?j at the s i te  j a r e  

. :  ., E , = (7) 
"~lj~j ~j~j ~j ~j~j 

The kinet ic  equation for  the dis tr ibut ion function p (g, t) in the space  g can be r e p r e s e n t e d  in the f o r m  

ao (~, ~; ... ~, ~; ... ~N, ~N; ~) 
at 

The f i r s t  two t e r m s  in the square  b r acke t s  denote the t rans i t ion  probabi l i t ies  of pa r t i c l e s  at the s i te  j in the 
s ta te  ~j f r o m  the liquid and solid phases ,  r e spec t ive ly .  The next two t e r m s  a re  the probabi l i t ies  of r e v e r s e  
t rans i t ions  f r o m  the state~?j into the liquid and solid s t a t e s ,  r e spec t ive ly .  The t rans i t ion  f requencies  w~J , 

//j nj 
a r e  defined so that they  a r e  not ze ro  only for la t t ice  s i tes  at which su r face  a toms a re  si tuated. By definition 

.~ p (g, t ) =  i .  
g 

Let us cons ider  the re laxa t ion  p rope r t i e s  of (8)�9 Let p (~j, ~?j) = p (~ ~, t/i; ... ~j, ~?j; ... ~ N, ~7N; t) denote 

(~ the  probabi l i ty  of  detect ing a s y s t e m  with the configurat ion g, to whose j - t h  s i te  the p a r a m e t e r  ~ e o r r e -  

s l~nds .  Let us r e p r e s e n t  the solution of (8) in the f o r m  

p(~, ~ )  = .i(~j, ~)  + A./(~, ~]j) exp (--At), (9) 

where  f(~j ,  ~j) is the equi l ibr ium dis t r ibut ion function, ~ f ( ( j ,  ~j) is the deviation of p (~j, ~j) f r o m  its equil ib-  
r i u m  value for  t =0. 

Substituting (9) into (8), and taking account  of  (Y), we obtain an equation to find the e igenvalues  A = I - A  
and e igenvec tors  • ($j,  ~?j) in the m a t r i x  f o r m  

Z (~, 02)l~=1 
7. (~2, ~2) ln,=o 

z (~:,~, ~N)hN=o 

The solution of (10) yie lds  two eigenvalues  for  each site: 

z (~, 02) t~= 0 

z (~v, ,I^T)hN=l 

z (~v, 'IN)hN=o 

(1o) 
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= - - ( 1 1 )  
. . . . . . . . . . . . .  . 

For the components  of the e igenvector  cor responding  to the eigenvalue ~,], we have 

w ~  

Expanding f(~j ,  Vj) in t e r m s  of X(~j, Nj), we obtain 

/ (~,, ~1~)I~=o W~i" (12) 

Taking account of (2), the normal ized  f(~j, ~?j) have the fo rm 

( )' v t + exp.  l~'~'~r 1-/~,fiCP.~fi + 6e v _ Ov 
k T  

( ' )-' 
k T  

where  lv~ is the number  of n e a r e s t  solid neighbors  of the spec!es  ~ with u par t ic les .  Taking account of (12), 
the second eigenvalue in (11) yields the re la t ionship  

A~i = Wig [f (~1, ~ls)]~lj'=t] -1' (14) 

Star t ing f rom the physical  meaning of  the quantity A~J, we r e p r e s e n t  it in the fo rm  

= 

where  Tr; ~, iS the cha r ac t e r i s t i c  re laxa t ion  t ime of~he  sy s t em  at the j-th site if the configuration at the r e m a i n -  
ing s i tes  is fixed. F rom (14) and (15) we find 

Taking account of  (13) for  the cha rac t e r i s t i c  re laxa t ion  t ime,  we obtain 

k T  
~2 

( ~, = ~z, f~ ) . 

We se lec t  the minimal  of  the cha r ac t e r i s t i c  re laxa t ion  t imes  in the model  
~j 

T = rain ~rel (i ~ j ~ N) (17) 

as the t ime  interval  ~- of the p rocess .  To de te rmine  T it  is n e c e s s a r y  to knowW[0. It is o rd ina r i ly  assumed 
in kiuet iolrs ingmodels  [3] that  the dependence of w~0J onf~he configurat ion of the nea res t  par t ic le  neighbors ~j 
has the f o r m  

v 
Then ~J is independent of the spec ies  of their  neighbors  for  all la t t ice si tes.  ~ re l  

Let  us a s sume  that the f requency  of par t ic le  at tachment  to the c rys t a l  in the sur face  node is 

D v 
W~o = ~ ,  

if the par t ic le  species  at the s i te  is fixed, where  D~ is the diffusion coeff icient  of pa r t i c les  of species  ~ in the 
mel t ,  and a is the la t t ice  pa rame te r .  The probabil i ty  of solid par t i c les  of species  ~ making the t ransi t ion into 
the liquid phase is de te rmined  by (12), and the cha rac t e r i s t i c  t ime of the p rocess  by (16) and (17)o 

Let us define a two-par t ic le  distr ibution function in the fo rm  

" -"~,~r-" ~, j = ~ ,  k ] '  
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where  the summat ion  is ove r  all  poss ib le  values  of ~j,  ~?j at all la t t ice  s i tes  with the exception of the s i tes  i , k .  
A o n e - p a r t i c l e  dis t r ibut ion function is 

p(~)(~, ~ ;  t) = ~ p(e)(~ ~, ~1~; ~ ,  ~1~; t). 

Let us introduce the concentra t ion  CVk T of s o l i d - s o l i d  bonds of n e a r e s t  ne ighbors  of the spec ies  v and 5' 

cV~-- ~ ~ * * ~ m n ~ P  (2) (~ ,  m; ~,  ~ ;  ~) ----- ~ 6 ~ , ~ l , n ~ p  (g, t). 

Let us mul t ip ly  the left  and r ight  s ides  of (8) by 8~8~.~h and let  us sum over  all  poss ib le  s ta tes  g. Upon 
summing  the express ion  in the square  b r acke t s  in the r igh t  side of  (8) ove r  ~?j at the s i te  j for  j ~ i, k and 
taking account of  (7), we obtain 

p ( ~ ,  ~;) ,~;=o + ~(~' ~;)1~;~,-~ ~(~, ~)= o. 

u T is de te rmined  by  the t rans i t ion  f r e -  T h e r e f o r e ,  the equation for  the two-pa r t i c l e  dis t r ibut ion function e i k  
quencies only at the i, k la t t ice  s i tes  

w~,,p (~, ~;)/; , + 

+w~i0~(t.,~;)l.~:0+ ~ (w0% w}~,)~(~,, ~w~ ~ ~" 

The following identi t ies hold 

Substituting (19) into (18), we obtain 

(i8) 

(19) 

g 

- -  T]~) W l - ~ l i , ~ l i - -  q i  vv t-*li,~llJ '~he (~f, ~]~; t) -~ 

W~ ~ [. - ,)), ( 2 0 )  

t) is a s e v e n - p a r t i c l e  dis t r ibut ion function with cen t ra l  s i te  i and six n e a r e s t  neighbors  where  p(7) (s Vi; 
j e i .  

Let us s e p a r a t e  the c r y s t a l - m e l t  s y s t e m  into a tomic  l aye r s  para l le l  to the phase interface.  Let us 
c h a r a c t e r i z e  each l ayer  by  concent ra t ions  ez v with solid a toms of the spec ies  u (z is the l aye r  number) ,  con-  

u T of t h e n e a r e s t  ne ighbors  of all  spec ies  in the xy plane, and c z,z-1 cent-rations of s o l i d - s o l i d  bonds c z uT in 
the growth direct ion,  r e s p e c t i v e l y ,  where  z --- oo co r r e sponds  to the liquid phase  comple te ly ,  and z ~ -0o to the 
solid phase  comple te ly .  Let xyz be integer  coordinates  governing the posit ion of the la t t ice  s i te  in the l ayer ;  
~xyz =1, if the re  is a solid par t i c le  at the s i te  with coordinates  xy of the l ayer  z, and ~?xyz = 0, if there  is a 
liquid par t ic le .  Tak ing  account of  the condition of no overhang  configurat ion of the in te rphasa l  boundary,  the 
f requency  of pa r t i c le  a t t achment  to the c r y s t a l  is 

D v 
W]'0 = ~ -  ~lxv,~-I (t - -  11~z ), (21) 

if the par t i c le  spec ies  is de te rmined .  

Let us introduce the two-pa r t i c l e  approximat ion  p(7)(~v.. ~1~,:; t) 

j = i  p~l)(~ i, ~ ;  t) ' (22) 

where  j a r e  the coord ina tes  of  the s ix n e a r e s t  ne ighbors  to the s i te  i =(x y z). 9abst i tut ing (22) into (20), taking 
account  of  (12) and (21), and s u m m i n g  over  all  poss ib le  s y s t e m  configurat ions ,  we obtain 
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.fv vv 
d%W,z--i __ ClV " ~  .v ~z+l ,zCz,z--I ( 

dt - -  z , z - t  vv tO~:t - -  Q~ W~'oexp 

(v  = a ,  ~), 

q)vv + 6% '~ 
k T t- 0 v) (23) 

where  

c~ 
~ r / 4 -  ~ ex~ ~ -  - - ~ / _ ~ .  

Moreover ,  the condition of  mix ing  of the liquid phases  

(1 - -  ~ )  a ~ p  (~,  ~ )  = (]. - ~ )  c~' ( ~  + ~ )  p (~, ~ )  

fv  of  v a r e  the concent ra t ions  of  the bonds of solid pa r t i c les  has been introduced in the ave rag ing  so that  Cz,z_~, 
of spec ies  v with the n e a r e s t  liquid ne ighbors  between the z and z - 1 l a y e r s  and in the xy plane, r e spec t ive ly .  
Introduction of  the s u p e r s c r i p t  f means  that the concent ra t ion  of pa r t i c l e  bonds belonging to different  phases  is 
considered.  

An equation for  two-pa r t i c l e  dis t r ibut ion functions in the xy plane of the l aye r  z can be obtained analo-  

- T , .=- ,J , ,  ,oct W~'[x- d, 0 _ =  f, . ( @  '<" 

 xp( r %o I 

~, z,z--I z,z--t] ffi r a fa [~ f3 ~z+l,z~z 
= ( q p  • 

cffi c(zl~ �9 )[ Cz,z-t exp (cD. ~ kr 

gously to (23) 

(24) 

The  r ema in ing  t w o - p a r t i c l e  functions a r e  found f r o m  the ba lance  conditions 

~" - ~' "~ ' " ~ ( 4  '~-'- ~V) (~, # , 0 .  z - -  Cz+t,z ~-  Cz-H,z 2F C~z.~.a,z = Cz "-~ ~ 

Supplementing (23), (24), (25) by  equations for  the solid pa r t i c l e  concent ra t ions  in the l aye r  

at - z : - E - ~ ?  = ~z. 13), 
v 

we have a c losed s y s t e m  to find v T v T e r We define the ve loc i ty  of the in te rphasa l  boundary  motion in CZ~Z-I'  Cz ' Z" 
the f o r m  

(25) 

~ ~ a~ dc[ 
M =  ~ dt " 

Dependences of  the sol id phase  component  compos i t ion  on the d imens ion less  veloci ty  R = r a i D  a r e  given 
in Fig. 2 for  di f ferent  va lues  of  the me l t  concent ra t ion  c~.  

The r e s u l t s  we re  obtained for  a b i na ry  ~ -  fl s y s t e m  with the following values  of  the p a r a m e t e r s :  s  = 
s =0, ~ ,~a  =300 e a l / m o l e ,  r  =200 c a l / m o l e ,  ,Dflfl =1500 c a l / m o l e ,  0~ =1, 0fl =3, D~=Df l .  

The c u r v e s  p re sen ted  d i sc lose  an anomalous  dependence on R in the r ange  of values  0 < e ~  < 0.8, viz:  
the concent ra t ion  of the ~ component  drops  s ha rp ly  in the solid phase  as the growth r a t e o f  the doncentrat ton 
d iminishes .  Ext rapola t ion  of the r e s u l t s  to equ i l ib r ium (R = 0) shows that equi l ib r ium composi t ions  of  the solid 
phase  c lose  to a pure  fl component  c o r r e s p o n d  to compos i t ions  of the liquid phase  0 < e ~  < 0.8, and c lose  to a 
pure  (x component  to the va lues  0.8 _< c~  < 1. The jump in the liquid and solid phase  concent ra t ions  d iminishes  
with the i n c r e a s e  in the growth r a t e ,  and the kinetic d i ag rams  take  on the shape of c iga r s  with a point m in imu m 
at which the compos i t ions  of  both phases  agree .  This  r e g u l a r i t y  is g raph ica l ly  i l lus t ra ted  in Fig. 3 a lso ,  where  
kinet ic  phase  d i a g r a m s  a r e  given for  the values  R = 0.06 and 0.2 and a lso  the equi l ibr ium d i ag ram obtained by  
ex t rapola t ion  of the r e s u l t s  to equi l ib r ium is given. The equi l ibr ium d i a g r a m  has a eutect ic  f o r m ,  where  T = 
375 K, c ~  =0.8 c o r r e s p o n d  to the eutect ic  point. The jump in the liquid and solid phase  concent ra t ions  d imin-  
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ishes with.the increase in the growth ra te  but the kinetic diagrams degenerate into diagrams of the cigar type 
with a point minimum. 

Dependences of the growth ra te  on the temperature are presented in Fig. 4 for different liquid phase 
compositions. The Iinear temperature  dependence of the ra te  of crystallization for the pure a and fl com- 
ponents indicates a normal growth mechanism for the alloys studied. At the same time, the nonlinear tempera-  
ture dependence of the ra te  for c~= 0.65-0.7 denotes the specifics for the appearance of a normal mechanism 
for multicomponent systems. 

Therefore ,  in the general case the degree of roughness of the growing boundaries can apparently be a 
cr i ter ion for any growth mechanism. 

V. F. Kiselev carr ied  out the computation on the electronic Computer. 
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